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Abstract
We present a two dimensional model of IQHE in accord with the cyclotron
motion. The quantum equation of the QHE curve and a new definition of
filling factor are also given.
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It is known that QHE is a two dimensional topological invariant quantum effect which is caused by a
strong magnetic field on two dimensional electronic samples. Thus in the usual three dimensional samples
only the classical Hall effect can be observed. Therefore the two dimensionality of sample is essential
for the quantum Hall effect. Recall that the QHE is related, as a two dimensional topological invariant
effect, with topological invariants of the two dimensional manifold of QHE sample; and that the main
topological invariant of a two dimensional manifold is its area with (L2) measure. Therefore the QHE
is related with an invariant (L2) measure. On the other hand as a topological quantum effect, the QHE
is related with a quantization of such a topological measure. Furthermore, since QHE appears on two
dimensional electronic samples, therefore the quantum property of QHE is due to the quantum property
of electrons under the QHE conditions. In this sense the QHE is related with a quantized measure of
area in units of some square of length l2, which is given by a quantum measure of square of length for
electrons on the QHE sample. Recall that such a quantum measure of square of length for electrons, is
given by the square of magnetic length: l2B :=
h¯
eB
, where B is the constant magnetic field which acts
on electrons. Therefore QHE as a two dimensional topological invariant quantum effect is related with
the two dimenaional topological invariant quantum of area, i. e. with l2B :=
h¯
eB
, which is a quantum
invariant. To recognize these aspects of QHE phenomenologically, one should consider the importent
role played by the cyclotron radius or the magnetic length in the phenomenology of the cyclotron motion
and QHE [1]. Neverthelss a square of length or area (∼ l2B) is only a topological invariant of a two
dimensional manifold. Therefore, since the phenomenological description of magnetic quantization or
cyclotron motion of electrons in QHE results in a two dimensional quantum invariant l2B. Thus the
theory of QHE should be a two dimensional theory, i. e. it should be defined on a two dimensional space
with such a two dimensional invariant.
In view of this anylysis of physical and topological structure of QHE, it seems that a two dimensional
topological model is appropriate to describe the QHE, thus as we show, such a model can describe also
the preference of edge currents in QHE [2].
We present here a two dimensional model for QHE where the two dimensional structure on the sample
is governed by the quantum invariant of square of magnetic length. Our model is based on the three
main properties of the QHE, i. e. on its two dimensionality, on the topological invariance of this effect
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and on the preference of edge currents in QHE [2].
Note that, since the electronic motion which result from the interaction of electrons with gate potential,
will cause the Hall current and Hall potential which can be measured with respect to the gate potential,
thus one measures a potential always in accord with data of electrons which interact with that potential.
Thus the Hall potential can be measured with respect to the electronic dynamics which is caused by
the interaction of electrons with the gate potential. Nevertheless, as we show next, since the electron
is a quantum particle, therefore the uncertainty of its quantities prevents an exact determination of the
value of Hall potential with respect to the gate potential. Since they allow only measurments of potential
values up to some potential uncertainties. It is these uncertainties of the measured values of Hall and
gate potentials which results in an uncertainty relation between these potentials that is represented by
the IQHE curve. Herefore we discuss first the neccessity of a two dimensional model for QHE from
the point of view of quantum phenomenology of magnetic quantization, and then we show that there is
indeed a canonically quantized two dimensional model which describes the IQHE.
To begin note that the coordinates of an electron on the two dimensional QHE sample should be given by
Xm; m,n = 1, 2 where X1 = X and X2 = Y [3]. Nevertheless the position of such an electron possess,
as a quantum particle, uncertainties ∆Xm in accord with quantum mechanics (QM) which are given by:
∆Pm ·∆Xm ≥ h¯, where ∆Pm are the uncertainty of the momentum of electron. Furthermore recall that
on the two dimensional sample manifold, also the related electromagnetic potential vector possess only
two components. Therefore one can identify these two components with the gate and the Hall potentials.
On the other hand, since the electromagnetic potential Am [4] can be measured only by interaction with
a ”charged test body” with a position Xm [5] and since the value of such a potential on a two dimensional
manifold is given by: Am = B ·X
nǫmn , ǫmn = ǫnm = −1 [6]. Therefore the value of such a potential Am,
on the QHE sample under quantum conditions, can be determined only up to the quantum uncertainties:
∆Am = B ·∆X
nǫmn (1)
Hence there are the following products of uncertainties in the quantum measurments of electromagnetic
potentials on the QHE samples:
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∆Ax ·∆Ay = B
2 ·∆X ·∆Y (2)
∆Ax ·∆X = ∆Ay ·∆Y = B ·∆X ·∆Y (3)
Moreover in view of the fact that any electron on the QHE sample fulfil a cyclotron motion which is
defined by the commutator of operators for its relative coordinates [1]:
[Yˆ , Xˆ] = −il2B, l
2
B :=
h¯
eB
(4)
Hence there exists a ”quantum of length”, i. e. the most minimal available length, for this motion which
is given by the magnetic length lB. Therefore in view of the fact that such a quantum of length may not
be undercut, the position uncertainties should be always larger than the quantum of length and should
obey the following relations:
∆Xm ≥ lB , ∆X ·∆Y ≥ l
2
B (5)
Thus using the definition of magnetic length in (2) and (3) and considering the inequalities (5), they can
be rewritten by the inequalities:
e∆Ax ·∆Ay ≥ Bh¯ (6)
e∆Ax ·∆X = e∆Ay ·∆Y ≥ h¯ (7)
Note that these relations are related with each other in accord with Am = ǫmnB · X
n. Thus, if the
relation (6) holds, the relation (7) holds also and vice versa. Therefore if we consider, as usual, Hall and
gate potentials as AH = Ay and AG = Ax potential components on the sample, the following uncertainty
relations are given for their measured values by the QHE methode on the sample:
∆AG ·∆AH ≥
h¯B
e
(8)
∆AG ·∆X = ∆AH ·∆Y ≥
h¯
e
(9)
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In other words the measured Hall potential in the QHE are quantized with respect to the values of gate
potential, as ∆AH is quantized with respect to ∆AG. Thus one should variefy relation (8) on the IQHE
curve where the quantum relation between Hall and gate potentials is given in accord with their measured
values [7]. This is indeed the case, if ∆AH is considered as the Hall potential difference between any two
subsequent plateaus on this curve and ∆AG as the breadth of one of these plateaus. In other words the
product (8), which gives the areas of parallelograms on such plateaus: ai = (∆AG · ∆AH), should be
invariant for all pregnant parallelograms on the schematic curve (see fig. 1). Thus if one considers the
real QHE curve [7], then one confirms that the areas of pregnant parallelograms, i. e. those which can be
drawn on the second and the third plateaus, are approximately equal. Moreover note that the uncertainty
relation (8) is a finite and invariant relation on the sample. Therefore the stability of plateaus can be
considered as a consequence of the invariance or the stability of relation (8) against the perturbations:
Xm → Xm + δXm or Am → Am + δAm, since the uncertainty relations contain only differences ∆Xm
or ∆Am and ∆(δXm) = 0. Note also that, since the relation (8) gives the reciprocal relation between
the actually measured values of quantized Hall potential ∆AH with respect to the gate potential values
∆AG: Therefore for higher values of gate potential where the breadth of plateaus are larger: (∆AG >),
the measured values of the quantized Hall potential, i. e. the heights between two subsequent plateaus
becomes smaller: (∆AH <). On the other hand for smaller values of gate potential: (∆AG <) where
the bredth of plateaus are smaller, the measured values of the quantized Hall potential, i. e. the heights
between two subsequent plateaus becomes higher: (∆AH >). These cases describe the lower and upper
parts of the real IQHE curve, respectively, where the plateau structure are not so pregnant as in the
middle part of the curve. One can see such a reciprocal correspondance also in the schematic curve (see
fig 1). In other words in the lower part of the real curve, in view of the higher gate voltage (∼ ∆AG >>),
the height between two subsequent plateaus becomes very small so that subsequent pleteaus seems to lie
close together with vanishing height difference (∼ ∆AH <<). Whereas in the upper part, in view of lower
gate voltage, the pleteaus seems to disappear (∼ ∆AG <<). Nevertheless the area of any parallelogram
which can be drawn between two subsequent plateaus on the lower plateau of the IQHE curve, is always
about
h¯B
e
. In other words the relation (8) is valid for all such parallelograms on pleateaus, i. e. it is
valid in principle for the whole IQHE curve, but it is difficult to varify this for lower and upper parts of
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the curve, where it is difficult to distinguish and to identify the plateaus.
It is worth mentioning that in accord with this model the discussed QHE curve which is given as in (8)
by: ∆AH =
h¯B
e∆AG
, appears as the quantum version of the classical curve for the classical Hall potential
which is given as a Coulomb potential by: A
(classical)
H =
B
AG
or A
(classical)
H =
1
Y
(see fig. 1). Thus if one
planes the the real QHE curve, then one obtains the classical Coulomb potential curve: Ay ∼
1
Y
. Note
that such a planing implies both transitions: ∆AG → 0 and ∆AH → 0 which means just the classical
limit, since the quantum uncertainties tends to zero in the classical limit. For weaker magnetic fields,
where in view of ∆AG ·∆AH ∼
h¯B
e
also the mentioned areas ai become smaller, the QHE curve tends to
the classical potential curve. In other words the classical Coulomb curve AH =
B
AG
=
1
Y
appears here
as the classical limit of the quantum curve: ∆AH =
h¯B
e∆AG
=
h¯
e∆Y
. Then the classical limit is obtained
for h¯ → 0 or B → 0, where also the areas ai tend to zero. Thus by tending these areas to zero, the
quantum curve approaches the classical potential curve as its classical limit. Hence the quantum Hall
potential can be considered as the quantum limit of the classical Hall potential or Coulomb potential
and vice versa. The existence of such a classical Coulomb potential limit (AH =
1
Y
) for the quantum
Hall potential (∆AH =
eh¯
e2∆Y
) in this model, confirms the consistency of this model. Thus in view
of the existence of a classical Hall effect, the consistency of the quantum model of QHE depends also
on a consistent classical limit of this model. Thus it is importent to note that only a two dimensional
quantum model of QHE contains:
1. A quantum relation (8) to describe the QHE curve.
2. A quantum relation (9) which has a classical Coulomb potential limit (see fig. 1 ), in accord with the
above discussed classical limit.
The importance of classical Coulomb potential limit for the quantum Hall potential is essential, since
it shows the consistency of our two dimensional model: Thus as we discussed above, in view of the
two dimensionality of QHE, the two relevant Hall and gate potentials can be given withuout loose of
generality by: (AH := B ·X ∼
1
L2
· L ∼
1
L
) and (AG := −B · Y ∼
1
L2
· L ∼
1
L
). The generality of this
description of potential components is only given on a two dimensional manifold where the field strength
is constant by definition [6], where the classical Hall and gate potentials are both of the Coulomb type
which is of dimension (∼
1
L
). Note that also the quantized Hall and gate potentials, i. e. ∆AH =
eh¯
e2∆Y
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and ∆AG =
eh¯
e2∆X
have the same dimension: (
1
L
), in view of dimensionlessness of h¯ and e in the
geometric units. Therefore the fact that the classical limit of QHE curve, i. e. of the quantum Hall
potential curve, is exactly the classical Coulomb curve underlines the consistency of our analysis of QHE
model as a two dimensional model.
Note that, in accord with QM, the uncertainty relations (7) corresponds to the commutators: e[Aˆx , Xˆ ] =
e[Aˆy , Yˆ ] = −ih¯, where Aˆm and Xˆm are, respectively, the quantum operators for electromagnetic poten-
tial components and for the coordinates of electron which interacts with such a potential under quantum
conditions of cyclotron motion in QHE (see also relation (4)). Therefore, in view of such a correspon-
dence between uncertainty relations and commutators in QM [8], there should be a quantum model for
QHE with these commutators and relations (7).
Indeed there is such a model for electrons interacting with a magnetic field which is introduced in the
following: The action functional for an interaction between the single electron and the electromagnetic
potential is given, in accord with Stokes theorem, by the two dimensional topologically invariant action:
S =
1
2
(
∫ ∫
surface
dPm ∧ dX
m + e
∫ ∫
surface
FmndX
m ∧ dXn) =
1
2
(
∮
contour
PmdX
m + e
∮
contour
AmdX
m) ,
(10)
where Pm and Xm are the momentum and the position coordinates of electron as before and the surface
integral is considered over the whole surface of QHE sample, whereas the contour integral is considered
over the contour region of the sample. Thus the equality represents Stokes theorem for both kinetic and
interaction terms of electron.
Note that the actual motion of a physical system takes place always on a polarized phase space which
contains the half of phase space variables [9], thus the action function of a system and its wave funtion
are always function of half of phase space variable, beside the time parameter. The best example of
such a polarized phase space with half of phase space variables is the configuration space which is known
in the quantum theory under the position representation of wave function. The configuration space of
QH-system is the two dimensional sample surface where the position of electrons of QHE sample are
defined. Therefore the actual action function of the two dimensional QHE model can be defined on the
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polarized phase space of the QHE system, i. e. on the two dimensional configuration space of the system
or on the two dimensional QHE sample. It is in this manner that we can write the action function (10)
on the sample surface or equivalentely on the contour of QHE sample in view of the Stokes theorem;
since the sample surface represents the polarized phase space of our QHE system.
The Euler-Lagrange equations of system (10) are given by the Lorentz equations, in accord with (dXm =
X˙mdt):
P˙m = eEm − eǫmnX˙
n ·B (11)
with Em := −A˙m, which shows the consistency of the classical model. Thus the canonical conjugate
variables of this system are given by: Xm and Πm =
1
2
(Pm+eAm) which should not be confused with the
velocity variables of electron: Vm =
1
2Me
(Pm − eAm). Hence the canonical quantization of the system,
which is equivalent to the Bohr-Sommerfeld quantization, is given by:
[Pˆm , Xˆm] = −ih¯δmn , e[Aˆm , Xˆm] = −ih¯δmn , (12)
as expected [10]. These commutators correspond to the uncertainty relations ∆Pm ·∆Xm ≥ h¯ and (6)-(9)
or to:
e∆Am ·∆Xm ≥ h¯ ∼ (e∆AH ·∆Y ≥ h¯ , e∆AG ·∆X ≥ h¯) (13)
Note that, in view of Am = ǫmnB · X
n, the last commutator in (12) is equal to the commutator:
e[Aˆm , Aˆn] = −ih¯Bǫmn or to e[AˆG , AˆH ] = −ih¯B which is related, in accord with QM, to
the uncertainty relation (8). Thus one obtains the uncertainty relation (8) also from any uncertainty
relation in (13), using Am = ǫmnB · X
n. Therefore the accordance of empirical IQHE curve [7], with
the uncertainty relation (8) of present model in view of the above discussion, shows the accordance of
quantum structure of QHE with the quantum structure of present model.
Moreover, since the Bohr-Sommerfeld quantization is restricted by the contour integral (10) to the edge
region in accord with S = S(edge) = S(contour) =
∮
contour
Πdxm = Nh. Therefore, in view of this restriction
also the state functions Ψ ∝ e
i
h¯
S are restricted to the edge states: Ψ(edge) ∝ e
i
h¯
S(edge) which fulfil the
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equivalent quantization commutator (12) in accord with: [Πˆm , Xˆm]Ψ(edge) = −ih¯δmnΨ(edge). Hence
in view of the restriction of state functions, which give the position probabilty of electrons on the QHE
sample, to the edge states: Ψ(edge) ∝ e
i
h¯
S(edge) , the position of electrons is restricted to the edge region.
This may explain the appearence of edge states and edge currents in QHE as is known from experimental
results [2].
Note also that the last commutator in (12) is equivalent to the commutator (4) of the cyclotron motion,
in accord with AH = Ay = B · X and AG = Ax = −B · Y . Hence our model describes also the
cyclotron motion of electrons in QHE, in accord with the presented canonical quantization of the action
(10) which is given among others by: e[Aˆx , Xˆ] = eB[Yˆ , Xˆ] = −ih¯ as in the phenomenological
cyclotron relation (4). Therefore the quantum model which is represented by relations (10)-(13) is an
adequate model to describe the IQHE in the above discussed manner, since this model describes both
the quantized electromagnetic interactions between electrons and the magnetic field in the cyclotron
motion on the IQHE sample, as well as between Hall and gate potentials in IQHE. Further note that
since the uncertainty relations or inequalities (6), (7) or (13) gives a reciprocal relation between the
general measurable values of the pair of the involved quantities. Therefore the minimum value of one
of these quantities is accompanied by the maximum values of the other one. In other words the case
where (∆Xm)(minimum) = lB, is accompanied by (∆Am)(maximum) >
h¯
elB
. Hence the (=) equality case
within the (≥) inequality cases of the uncertainty relations is given for the case where both quantities
have their minimum values, i. e.: for (∆Am)(minimum) · (∆Xm)(minimum) =
h¯
e
. On the other hand the
minimum value of ∆Am is given by (∆Am)(minimum) = B · lB, in view of Am = ǫmnB ·Xn or ∆Am =
|ǫmn|B ·∆Xn, since (∆Xm)(minimum) = lB. Thus for the equality case where (∆Am)(minimum) = B · lB
and (∆Xm)(minimum) = lB, one obtains (B · l
2
B =
h¯
e
) which is the definition of the magnetic length. In
this sense we obtain the defintion of the magnetic length from the uncertainty relation (13) in accord with
the canonical quantization of the two dimensional model. A fact which confirms again the consistency
of this model.
Moreover note that recent results for the Hall photovoltage imaging of the edge of quantum Hall device
[11], confirms also our uncertainty relation for the electromagnetic potential, if one considers ∆AH as the
scale of potential drops on the edge. Recall that on the one hand the quantized Hall potential is given in
9
our model by ∆AH ≥
h¯
e∆Y
which means that: If the sample and experiment are prepared in a way that
the position uncertainty ∆Y of electrons moving on the sample becomes large, then one should expect
lower values for the quantized Hall voltage ∆AH . In other words: (∆Y )(large) → (∆AH)(low). On the
other hand the (∆Y )(large) > lB value is given for the case of Ref. [11], by (∆Y )(large) > 1.4× 10
−6 cm,
since the value of magnetic length is given by: lB ≈ 1.4×10
−6 cm for this case. Hence for a higher value of
∆Y , i. e. for a value about (∆Y )(large) ≈ 10
−5 cm which is choosen just greater than lB ≈ 1.4×10
−6 cm
, one obtains (∆AH)(low) ≈ 10
−3 cm for Hall voltage, in accord with our uncertainty relation [12]. This
is equal to the measured value of 10 µm for the length scale of Hall photovoltage imaging of the edge
of quantum Hall devices, i. e. for the length scale of the edge confining potential, in the experiment
reported in the Ref. [11]. Note that, as it is discussed above, the square of length L2 is an invariant in
such a two dimensional model which is defined on a two dimensional manifold (∼ Xm m = 1, 2). This
means that: L2 = (invariant) = (constant) ∼ L0, since a constant has no dimension. Equivalently one
has in this case also L1 ∼ L−1. Therefore the scale of Hall voltage, which is of dimension L−1, is given
by a quantity of dimension L in cm or µm.
Further note that also early experiments on the Hall photovoltage imaging of the edge of quantum Hall
devices confirm the uncertainty relation (15) and thereby this model [13].
In conclusion note that in the two dimensional model we are able to calculate the quantized values of
Hall conductivity or resistivity directly from the quantization of action function: The above introduced
canonical quantization or Bohr-Sommerfeld quantization postulate of the two dimensional single electron
model of QHE, i. e. e
∮
contour
Amdx
m = Nh can be rewritten for a real QHE sample with an electronic
density of n by e
∮
contour
Amdx
m = eǫmn
∫ ∫
surface
ρH · nedx
m ∧ dxn = Nh, in view of Am = Bx
nǫmn and
(σH)
−1 = ρH :=
B
ne
. Considering the constancy of ρH and the total number of electrons on the sample
N ′ :=
∫ ∫
surface
nedxm∧dxn, one obtains from the canonical quantization of the action (10) the following
relation for Hall conductivity:
σH = ν
e2
h
, (14)
where the filling factor is defined by: ν =
N ′
N
; (N,N ′) ∈ Z. Hence the model describes IQHE and FQHE
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for ν =
N ′
N
∈ Z and ν =
N ′
N
6∈ Z, respectively. One can prove the consistency of this definition of filling
factor, i. e. its equivalence with the phenomenological definition: ν := 2πnl2B, if one rewrites this one
by ν :=
nh
eB
, in accord with l2B =
h¯
eB
. Hence one obtains from ν :=
nh
eB
the above definition of filling
factor ν =
N ′
N
, in view of N ′ = n · a = ǫmn
∫ ∫
dxm ∧ dxn and eǫmn
∫ ∫
Bdxm ∧ dxn = eB · a = Nh
where a is the area of sample. The reason that FQHE appears on samples with smaller electronic density
under stronger magnetic field, whereas IQHE appears on samples with higher electronic density under
lower magnetic field, may lie in the discussed equivalence between the two definitions of filling factor:
ν =
nh
eB
=
N ′
N
. It is obvious from this relation that the FQHE case with smaller (n) and the larger
(B) implies smaller filling factors than the IQHE case with larger (n) and smaller (B). Thus for a given
sample area (a), a higher magnetic field B implies higher quantum numbers N .
Further note that, in view of the fact, that the model described here is a very general model of two
dimensional quantum electrodynamics, therefore the presented uncertainty relations (15) are new uncer-
tainty relations for the quantized electromagnetic field, i. e. the physical photon, with its two degrees of
freedom only. In this sense, it is shown that just the quantum effects require a two dimensional quantum
electrodynamics, since the four dimensional QED does not explain the magnetic quantum effects.
{ {
AH
AG
a1 = ai = ai+1 = an = ∆AH ·∆AG =
h¯B
e
∆AG
∆AH ai+1
ai
Fig. 1: The schematic classical curve (AH = Ay =
B
AG
=
1
Y
) and the schematic quantum curve
(∆AH =
h¯B
e∆AG
) are represented by the full line and the doted line, respectively. The example of
parallelograms with equal areas are drawn on two of QHE plateaus. All such areas ai are equal.
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